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Generalized lagrangian of the Rarita—Schwinger field 

A.E. Kaloshin/’EI V.P. Lomov/’0 and A.M. Moiseeva^ 

^Russia, Irkutsk State University 

We derive the most general lagrangian of the free massive Rarita-Schwinger field, 
which generalizes the previously known ones. The special role of the reparameteri¬ 
zation transformation is discussed. 


I. INTRODUCTION 

The Rarita-Schwin^r (R.-S.) vector-spinor field is used for description of the spin- 

3/2 particles in QFT [l|. But this field has too many degrees of freedom for spin-3/2 and 
contains in fact also two spin-1/2 representations. These ’’extra” spin-1/2 components are 
usually supposed to be unphysical, but the control of this property becomes not so evident 
after inclusion of interactions. 

In this paper we derive the most general form of the R.-S. lagrangian without additional 
assumption about the nature of spin-1/2 components. Depending on the choice of parame¬ 
ters the s = 1/2 components may have the poles in the complex energy plane or not. The 
purpose of such construction is twofold. First of all, it may be useful at renormalization 
of the dressed R.-S. held propagator even if we require the spin-1/2 components to be un¬ 
physical. Another aim may be related with properties of the hypothetical R.-S. multiplet, 
corresponding to held and consisting of particles = 3/2+ 1/2+, l/2“. 

There exist some examples of generalized lagrangians l2j yl, 14] which are constructed by 
diherent methods (usually with using of artihcial methods) and for diherent purposes. In 
contrast to previous works our deriving of the generalized R.-S. lagrangian is a straight¬ 
forward: we investigate the propagator instead of equations of motion and utilize diherent 
bases to control its properties. Such approach is more transparent at any step but needs 
some technical details, which are collected in Appendix. 


II. LAGRANGIAN 

Free lagrangian of the Rarita-Schwinger held is dehned by diherential operator 5^^, which 
is in fact the inverse propagator 




( 1 ) 


Let us recall the standard choice p for 

={p - M)g^^ + A(7V + 7V) + ^(3A2 + 2A + 1)7^P7" 4- + 3A + 1 ) 7 ^ 7 ". 


( 2 ) 
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Here M is the mass of R.-S. field, and A is an arbitrary real parameter. Equations 

of motion, following from lead to constrains pd' = yd' = 0 , and therefore to exclusion 
of the spin-1/2 degrees of freedom. In other words, the corresponding terms in propagator 
should not have poles in energy. 

Let us formulate the main requirements for lagrangian: 

1. The fermion lagrangian is linear in derivatives. 

2. It should be hermitian = .J2f or 

3. The spin-3/2 contribution has standard pole form (to be specihed below). 

4. Lagrangian should not be singular at p —>■ 0. This point is rather evident but it 
happens that some rough methods generate singularities in a propagator, see, e.g. 
discussion in [^. 

The suitable starting point to construct the generalized lagrangian is the most general 
decomposition of in y-matrix basis^ (HH). The hrst requirement remains 6 complex 
coefficients in m 

. s, + • S 4 + • S 5 + 7>" ■ S 6 + ■ S 7 + • ffio = (3) 

= 9 ^''{a - Si) + pg^^is^ - sio) + P^Y{s5 + sio) + YP^ise + Sio) + YY^r - YPYsio- 

If we start from the y-matrix decomposition with nonsingular coefficients the fourth require¬ 
ment is fulhlled automatically. 

This expression satishes the condition YYY^Y = >5'^^, if si, S 4 , sy, sio are real pa¬ 
rameters while S 5 and se = Sg may be complex. It is convenient to introduce the new 
notations 


■Si — Ti, S4 — r4, sy — ry, Siq —Tio, s^ — T^ + ia^, SQ — r^ — ia^, 

where all parameters are real. 

To take into account the third requirement, we need to recognize the spin-3/2 part of 
inverse propagator. It is easy to do in the p-basis (see Appendix A for details) 

= (p — M) _|_ (spin-1/2 contributions). (4) 

Reversing the Eq.(^, we obtain propagator with the standard pole behavior of spin-3/2 
contribution 

^— (p3/2\/^'^ _|_ ('gpin-i/2 contributions). (5) 

p — M ^ 

Eq.(0) gives^ (using formulae (jA9jl . (jAIOjl for transition from one basis to another) 

Ri = Si - Sy = -M, 5*2 = S4 - Sio = 1 - (6) 


^ We use conventions of Bjorken and Drell textbook | 8 |: £0123 = 1 , 7 ® =75 = except that 

^ We need to use different bases, so to distinguish them we use different notations: Si,Si, Si for coefficients 
in 7-, p- and A-basis respectively. 
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So the r 7 ,rio are dependent values 

r-i = M + ri, rio = - 1 

and we come to four-parameter (ri, r 4 , rs, 05 ) lagrangian, which satishes all the necessary 
requirements. 

( 7 ) 

Other bases may be useful, so let us write down the corresponding decomposition coeffi- 


dents (here E = 



7-basis: 

p-basis: 

A-basis: 

Si = ri, 

5 i = -M, 

Si = -M + A, 

S2 = S3 = 0 , 

52 = 1, 

S2 = -M - E, 

S4 = r4, 

S3 = 2 M + 3 ri, 

S3 = ( 2 M -|- 3 ri) -|- E(3r4 — 2 ), 

•55 = 7’5 + * 05 ) 

II 

CO 

1 

to 

S4 = ( 2 M + 3 ri)- E{ 3 r 4 - 2 ), 

sg = — ios, 

S5 = n, 

S5 = n -b E(2r5 -b r4), 

sy = M + n, 

Se = ri + 2r5, 

Se = n - E{2r3 + r^), 

S8 = Sg = 0 , 

Sy = Vs E{r3 - ia^), 

Sy = V 3 [ - (M -b ri) -b E(r5 - ia ^)], 

•Sio = r4 - 1 , 

S3 = -^/3 (M + ri)/F, 

As = \/3 [(M -b n) -b E{r3 - ias)], 


Ag = \/3 F(r5 -h *05), 

Sg = ^/3 [{M + ri) -b E(r5 -b *05)], 


5 io = \/3 (M + ri)/F, 

Sio = Vs [ - {M + n) -b E{r5 + iaV] 


III. PROPAGATOR OF THE RARITA-SCHWINGER FIELD 


To build the propagator of the Rarita-Schwinger held we need to reverse m 

G^^’^ip) = {S-y, 


( 8 ) 


and the A-basis is convenient here. Reversing of the spin-tensor leads to set of equations for 
the scalar coefficients Gi UM 


GiSi 

G 2 S 2 

GsSs -|- ^ 7^10 = 1 , 
GsSy + GySq = 0 , 
G^S^^ + GgAg = 1 , 
G^Sg -|- GgSi = 0 , 


= 1 , 

= 1 , 

G^S^ + GsSg = 1 , 

G4S'8 -I- GgS^ = 0, 

^ 6^6 + GiqSj = 1 , 

GqSiq + G10S3 = 0 . 


The equations are easy to solve: 

1 

Ai’ 

-^7 


(51 = 


a. = 


(5o = 


G 4 = 


1 

A 

Ao 


Gr. — 


A 9 


Gr — 


s. 


Gy — 


Ai 




Ao 


Gg — 


Ao 


Ai’ 
Gio = 


-R 


10 


Ai 


( 9 ) 


( 10 ) 
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where 


Ai = ^3^6 - ^7^: 


10 ) 


A, = ^4^5 - 


18^9- 


( 11 ) 


R.-S. propagator in the spin-3/2 sector (Gi,G 2 coefficients) is similar to usual Dirac propa¬ 
gator. As for spin- 1/2 sector (G 3 - Gio), it looks like mixing of two bare propagators with 
non-diagonal transitions. Zeros of denominators Ai, A 2 are the poles of R.-S. propagator 
with quantum numbers s = 1 / 2 . 

Let us write down the denominators following from our lagrangian 


Ai{E) = —M{3M + 4ri) -|- 2E{Mr^ — Mr^ — ri) + E'^{—3a\ — 3 (r 4 -|- -|- 2 r 4 ), 

A 2 (^) = Ai(L; ^ -E). 


If we want the spin-1/2 contributions to be unphysical, it requires Ai = const and we come 
to conditions: 


M{r^ - r4) - n = 0, 

305 -F 3(r4 -F r^Y - drs - 2r4 = 0. 

One can rewrite it in terms of sum and difference a = rs -f r 4 , 6 = — r^: 


( 12 ) 


n = M6, 

6 = 3(cr^ — a + al). 


Let us consider some particular cases of our lagrangian m 

• To obtain unphysical spin-1/2 sector we should require the conditions (I12jl . If these 
relations are fulhlled, we can return to the standard R.-S. lagrangian ©, if to put 
Os = 0 and denote cr = A -|- 1 . 

• Generalization of the standard lagrangian © was suggested by Pilling P. His la¬ 
grangian corresponds to unphysical s = 1/2 sector, has two parameters and may be 
obtained (in d = 4 space) from our lagrangian (j?!) after imposing of the conditions 
m and changing of notations. Note that the procedure of deriving is used some 
trick 0 and looks not too transparent. 

• Lagrangian suggested by Kirchbach and Napsuciale 


corresponds to the choice 


r4 = = 0, ri = —M. 


It leads to poles in s = 1/2 sector 

Ai=M(M + 2E), Ai = M{M-2E) 

and presence of these poles contradicts to further analysis of this lagrangian. 
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IV. REPARAMETRIZATION 

There exists the well-known transformation of R.-S. field 


( 14 ) 


where + - 87 ^ 71 / and B = h + i(3 \s a. complex parameter. 

This transformation doesn’t tonch the spin-3/2 because operator is orthogonal 

to 7 ". So if to apply it to our inverse propagator dZD 


S,u ^ S' = 


(15) 


one can see that 8 ^/ keeps all the properties of ©• It means that in fact we have 
reparametrization - after transformation of the o we obtain the same operator with changed 
parameters 

d^a{B*)S^f^{ri, r 4 , rs, a^)eg^{B) = r^, r^, 4 ). (16) 

Direct calculations conhrm it, the transformed parameters are the following: 


rj = ri -I- 2(3M -|- 4ri)(26^ + b + /d^), 

4 = 05(1 46) -F 2/?(2r4 + 2r5 - 1), 

4 = r4 -I- 26^(4r4 — Ar^ — 3) -|- 26(3r4 — — 2) + 2/9^(4r4 — Ar^ — 3) — 2(3a^, 
r'^= r^ — 26^(4r4 — 4r5 — 3) — 26(r4 — 3r5 — 1) — 2/9^(4r4 — 4r5 — 3) — 2/3a5, 

or, for sum and difference {a = + r 4 , 6 = — r^): 


(17) 


a = a + 2b{2a — 1) — 4/3a5, 

5 ' = 6 + 2(3 + A6){2b^ + b + 2/34, 

4 = 05(1 + 46) -I- 2f3{2(j — 1). 

Not so evident but important property of the ^-transformation is that it doesn’t change 
the pole positions (masses) of spin-1/2 representations. It may be seen from the transfor¬ 
mation law of denominators Ai, A 2 (ED of the propagator: 

\{E) ^ A'(E) = \{E)- I 1 + 4R |2 . (18) 

It means that not all parameters are essential for spectrum of s = 1/2 and this fact may 
be useful for simplihcation. Applying the ^-transformation to our operator (USD we can 
eliminate two of four parameters 


a' = 0 , 4 = 0 - 


After some bit of algebra one can find the transformation parameters 

_ (j{ 2 a - 1) + 24 ^ _ 05 

(2a-1)2+ 4’ ^ (2a-1)2+ 4’ 

under the condition 

(2a - 1)2 -7 4 ^ 0- 
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Then it is useful to renormalize the R.-S. held^ 

^ ( 19 ) 

where S"“^ contains only two parameters 

g,ap ^ 

and renormalized held is 

^/A ^ (20) 

After held renormalization (1201) we have two-parameter free lagrangian, but now the 9- 
factor will appear in the interaction lagrangian through dn. Such 0-factor with arbitrary 
parameter (so called ”oh-shell” parameter) traditionally exists in interaction lagrangian. 
Nevertheless, the meaning of this parameter and its choice is rather controversial, see, e.g. 
discussion in Ql. 


V. CONCLUSION 

We obtained the four-parametric lagrangian which satishes all general requirements and 
generalizes all known lagrangians for Rarita-Schwinger held. We used a straightforward 
procedure for its deriving which utilize diherent bases for spin-tensor and studying 

of propagator instead of equation of motion. The corresponding propagator has standard 
form of the spin-3/2 contribution. As for spin- 1/2 terms, they can have poles in the energy 
plane which positions and residues depends on the parameters. 

We found that the 0-transformation plays some special role in our lagrangian: this is a 
reparametrization which doesn’t move the spin-1/2 poles. We suppose that the meaning of 
this degree of freedom may be more clear in case of physical spin- 1/2 sector. 

We suppose that investigation of the phenomenology of Rarit a-Schwinger multiplet may 
be interesting and present work is a necessary step in this direction. 

The work was supported in part by RFBR grant 05-02-17722a. 

APPENDIX A: DECOMPOSITION OF SPIN-TENSOR 

Propagator or self-energy of the R.-S. held has two spinor and two vector indices and 
depends on momentum p. We will denote such object as S^'^{p), omitting spinor indices, 
and will call it shortly as a spin-tensor. In our consideration we need to use different bases 
for this object. 

1. Most evident is a y-matrix decomposition. It’s easy to write down all possible 7 -matrix 
structures with two vector indices. Altogether there are 10 terms in decomposition of 
spin-tensor, if parity is conserved. 

=9^^' ■ Sl + ■ S2 + pp^p" ■ S 3 + pg^’' ■ S 4 + P^Y ■ S 5 + 'J^p'^ ■ S6 + 

+ ■ Sr + ■ S8 + a^'^pxp^ ■ s, + ■ Siq. 


^ Recall that 9{a)9{h) = 9{a + 6-1- 4a6), so inverse transformation 9{a)9{a) = I is defined by parameter 
a = —aj (1 + 4a). 
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Here Si{p^) are the Lorentz-invariant coefficients and = ^[ 7 ^, 7 ^"]- 

This is a good starting point of any consideration, since this basis is complete, non¬ 
singular and free of kinematical constrains. But this basis is not convenient at multi¬ 
plication (e.g. in Dyson summation) because elements of basis are not orthogonal to 
each other. 

2. There is another basis (e.g. ^2) which we call as p-basis. Decomposition of 

any spin-tensor in this basis has the form 

= {Si+pS2){V^/Y'^ + {S,+pS,){vliy'' + {S,+pS,){^^^^^ 

+{St+pSs){vIIY'^ + {S,+pS^,){vliy\ (A2) 

where appeared the well-known tensor operator I1II1E3 



which are written here in a non-standard form. Here we introduced the ’’vector” 

+ l^p)p (A4) 

with the following properties: 

(ttp) = 0, (yvr) = (vry) = 1, (tttt) = -, pn^ = —vr^p. (A5) 

3 


3. The most convenient at multiplication basis is build by combining the operators 
(UHl) and the off-shell projection operators A^ 


A^ = - 1 ± 


p 


VP ' 


(A6) 


where we assume to be the hrst branch of analytical function. Ten elements of 


this basis look 

as 




=A+p3/2^ 

Vs =A^Vll\ 

Vs =A+Vll\ Vr =A+Vli\ 

Vg =A+Vli\ 


P 2 =A-iP3/2^ 

V, =A-Vll\ 

Ve =A-Vli\ Vs =A-VU\ 

Pio =A-Vll\ 

(A7) 

where tensor indices are omitted. Decomposition in this basis: 
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S'“‘(p') = J2SaPT- 


(AS) 


A=1 




Coefficients of S^’’' in p- and 7 -bases are related by 


■Si — + S 3 ), 

^3 = ^(- 2 ^ 2 - 

S 7 = + *^ 3 )’ 

Sg = ~ “S'! -|- S '3 — \/3^Sio ), 


S 2 = ^(-2^1-^3 + 3^5), 


‘S '4 + 35'6 - + ^ 9 )), S4 = ^(2^2 + 5'4), 

= ^^ 57 , 


S8 = ^{Si-S3-V^Ss), 

SlO = -^{ — 32 + S' 4 ). 


(A9) 


Reversed relations: 


S'! — Si — St, 
5*3 = Si -|- 2s7, 


5*2 — S 4 — Sio, 
5*4 = S 4 -|- 2 sio, 


5'5 = Si -F p^S 2 , Se = p^S 3 -f S 4 + S 5 -t- S 6 , 


^7 = V^se, Ss = - 

Sg = V^Sq, S'lo = 


(S7 -f p^sg), 

(S7 


(AlO) 


Transition from p- to A-basis: 

S 3 = S, + ES2, S 3 = S 3 + ES,, S 3 = S 3 + ESe, St = St + ESs, 
S2 = S,- ES2, S, = S3- ES,, S, = S3- ES3, Ss = St- ESs, 


Sg — Sg + ESio, 

Sio = Sg — ESio- 

(All) 


Let us note that p- and A-bases are singular at point p^ = 0. As for branch point 
appearing in different terms, it is canceled in total expression. But poles 1/p^ don’t cancel 
automatically, if we work in p- or A-basis. First of all, one can see from (lAlOf) that the 
St — St should have kinematical factors: 


St — \^St, Ss — —j=St, Sg — \/j^Sg, 5io — ^5'io, 

VP 


(A 12 ) 


and Si don’t have branch point at origin. After it we see from 
1 /p^ poles: 


conditions of absence of 


2 ^ 1 ( 0 )+ ^ 3 ( 0 )- 355 ( 0 ) = 0, 
5i(0)- 53 ( 0 )-7358(0) =0, 
252 ( 0 ) -|- 54 ( 0 ) — 355 ( 0 ) — v^(57(o) -i- 59 ( 0 )) = 0, 

58(0) - 5io(0) = 0. 


(A13) 


APPENDIX B: EQUATIONS OF MOTION 


Usually the equations of motion are used for analysis of Rarita-Schwinger held content. 
In this approach the ’’extra” spin-1/2 components are excluded by additional conditions 
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= 0, 7 ^^^ = 0 which should be the consequences of equations of motion. Let us 
analyze the equations of motion, which result from our four-parameter lagrangian ©. 
Contracting the equations of motion with p^ and 7 ^ one can get 

= 0 , 

7 ^, 5 ^'^^, = 0 . 

Our lagrangian m leads to the following secondary constrains: 


(r 4 + r 5 - ia^)p - M {p^) p^(r 5 -f ia^) + {M + ri)p (yd') = 0, 


2r4 -(- 2t^ — 1 “1“ ‘2:icL^ 


(pd') (3M -h 4ri) - 1 - (- 3 r 4 + + 2 + ia^)p (yd') = 0. 


(Bl) 


This is a system of linear equations (with matrix coefficients) in (pT), (yT). One can find 
conditions when this system has only trivial solution (pd/) = (yd/) = 0. Let us express (pd/) 
from the second equation and substitute to the first. It gives the equation in (yd/): 

A(p)(yd/)=0, (B2) 


where A(p) is operator of the form 

= —M{3M + Ari)+p-2(^ri + Mr^ — Mr^ +p‘^(^ — 3(^4 -f — 3al + 2r4 -|- drsj. 

Eq. (jB2jl is in fact some wave equation in the spinor (yd/). This equation has only trivial 
solution if A(p) = const, or 


ri -|- Mr^ — Mr^ = 0, 

305 3(r4 r^Y - 2 r 4 - Ar^ = 0 . 


(B3) 


These relations provide the constrains (pd/) = 0, (yd/) = 0 and the we can see that the 
same conditions m guarantee the absence of poles s = 1 / 2 . 
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